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A mathematical model describing the change in the Black Sea level depending on the Aegean 
Sea level changes is presented in the article. Calculations have shown that the level of the 
Black Sea has been repeating the course of the Aegean Sea level for the last at least 6,000 
years. And the level of the Black Sea above the Aegean Sea level in the tens of centimeters for 
this period of time. 
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I. INTRODUCTION 
 

The dependence of the Black Sea level with the Marmara Sea level is one of the important 
features of the process of changing the level of the Black Sea during the Holocene. In turn, the 
course of the Marmara Sea level depends on changes in the Aegean Sea level. This feature is often 
not taken into account in the study of change of the Black Sea level. For this reason, the curves of 
change of the one sea level are not compared with the curves of the other seas level change. 

References [1; 2; 3; 4] represent a mathematical model of filling of the Black Sea basin by 
water in the Late Pleistocene and Holocene. There are shown that the level of the Black Sea has to 
repeat the course of the Mediterranean Sea during the Holocene. It should be borne in mind that the 
Black Sea has an excess of fresh water in the amount of 240-300 km3/year. In order for this water 
amount plus the amount of water compensating of the Bosphorus bottom counterflow could to flow 
in the Marmara Sea during 1 year, it is necessary that the average difference in seas levels was 
approximately 0.3 m. In order for the excess volume of water flowed in the Aegean Sea, between 
the Marmara and the Aegean Sea also the level difference has to be. For this reason, the level of the 
Black Sea above the Marmara Sea level and the level of the Marmara Sea above the Aegean Sea 
level. 

The aim of this work is to identify the correlation between the levels of the Black and 
Aegean seas. 

 
 
 
 



II. METHOD OF WORK 
The method of mathematical modeling of flows in the straits of Bosphorus and Dardanelles 

is used to achieve the goal set in the article. This method proved to be effective in the study of water 
exchange through the Bosphorus Strait at the end of the late Pleistocene and Holocene. 

Previously, we offered the single-layer flow model of a viscous incompressible fluid in the 
Bosphorus Strait in conditions of low World Ocean level [1] and the two-layer flow in conditions of 
high level of the ocean [5]. In the latter case, the bottom flow of water in the strait is effected by the 
fact that the density of water in the bottom flow more than the density of water in the upper flow. 
The difference in water levels or pressure gradient directed towards the Marmara Sea is the driving 
force of the upper flow. It has been shown that the upper flow plays the leading role in the two-layer 
stream. If the water discharge in the upper flow is increasing then the water discharge in the bottom 
flow is reducing. American study [6] has shown that the shear stresses created by the upper flow on 
the boundary of contact with the lower layer capture some part of water of the bottom flow and 
return it to the Marmara Sea. 

Neglecting the influence of the bottom flow on the water-level in the straits, and using the 
results obtained in the paper [4], we can write the system of two equations. The first equation 
describes the dependence of the Black Sea level with the level of the Marmara Sea, and the second – 
the dependence of the Marmara Sea level with the Aegean Sea level. Using data on the current state 
of the investigated process [6; 7; 8; 9; 10; 11] and data on eustatic level change in the Mediterranean 
Sea during the Holocene [2; 12], in the first approximation we performed calculation of the eustatic 
changes in the Black Sea level during the last 6,000 years. 
 

III. RESULTS AND DISCUSSION 
In order to reconstruct the changes of the Black and Marmara seas levels depending on the 

Aegean Sea level course, a simple mathematical model was obtained based on the solution of the 
Navier-Stokes equations. The system of equations describing the investigated process is as follows: 
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Here 1H  – the depth of the upper flow in the northern end of the Bosphorus Strait, 

characterizing the level of the Black Sea, 1S  – the area of the Black Sea, 1W  – the average water 
discharge through the upper flow of the Bosphorus Strait, *h  – the difference between the levels of 
the interfaces of the upper and lower flows in the straits of Bosphorus and Dardanelles, g  – 
acceleration of gravity, 1l  – the width of the Bosphorus Strait, ν  – the kinematic viscosity 
coefficient, 1L  – the length of the Bosphorus Strait, 2H  – the depth of the upper flow in the northern 



part of the Dardanelles Strait, 3H  – the depth of the upper flow in the southern end of the 

Dardanelles Strait, 2S  – the area of the Marmara Sea, 2W  – the average water discharge through the 
upper flow of the Dardanelles Strait, 2l  – the width of the Dardanelles Strait, 2L  – the length of the 
Dardanelles Strait. 

Below is a schematic drawing showing the main features of the used approximation to 
describe the flows in the straits (Fig. 1). 
 

 
Fig. 1. Scheme of the modeled flows of water in the straits of Bosphorus and Dardanelles. 

 
Current average annual water discharge through the upper flow of the Bosphorus Strait is 

482–600 km3/year [2; 8]. Theoretical calculations Oguz et al. [11] and field observations Jarosz et 
al. [6] have shown that at present in the area of the shallowest part of the Bosphorus Strait, average 
for year the surface of the counterflow locates at depth of approximately 23 m, i.e. the depth of the 
upper flow at this point is 23 m and the depth of the lower flow is 13 m. The difference in the 
average levels of the Black and Marmara seas is 0.3 m [6; 9]. Width of the narrowest section of the 
Bosphorus Strait is 700 m. These data allow us to determine the value of the coefficient 1ν , at which 
15,284 m3/s (482 km3/year) of water would flow in the channel with depth of 23 m, width 700 m 
and the level difference of 0.3 m, and thus to adapt the model to the concrete conditions. 
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Taking in (2) 1H  = 23.3 m, *

2H  = 23 m, g  = 9.81 m/s2, 1l  = 700 m, Q  = 15,284 m3/s, 1L  = 
30,000 m, получим 1ν  = 1.8·10-2 m2/s. The resulting value of the kinematic coefficient of viscosity 
coincides with its calculated value according to the natural measurements in [6]. 

The length of the Dardanelles Strait is about 64 km, minimum width is approximately 1.4 
km, the minimum fairway depth is about 60 m. According to Jarosz et al. [10] 442 km3/year (14,020 
m3/s) of water flows from the Mediterranean Sea to the Marmara Sea through the Dardanelles Strait. 
The upper Dardanelles stream outflows from the Marmara Sea of about 809 km3/year (25,660 m3/s) 



of water with a lower salinity than in the Mediterranean Sea. According to others data [13] average 
water discharge in the upper and lower streams are 667 and 379 km3/year respectively. Separately 
taken survey [10] (7-9 February 2009) demonstrates that the depth of the upper stream in the 
northern part of the strait is about 20 m, the depth of lower stream – 40 m (Fig. 2). The difference 
between the levels of Marmara and Aegean seas is about 18 cm [7]. These data allow us to 
determine the value of the coefficient 2ν  for flow of water from the Marmara Sea to the Aegean Sea 
via the Dardanelles Strait. If take 2H  = 20 m, 3H  = 19.82 m, g  = 9.81 m/s2, 2l  = 1,400 m, 

Q  = 25,660 m3/s, 2L  = 64,000 m, we have 2ν  = 4·10-3 m2/s. 
 

 
Fig. 2. The results of field observations of the vertical gradient of temperature, salinity and velocity 

of flows in the Dardanelles Strait [10]. 
 

The area of the Black Sea is 422,000 km2, Marmara Sea – 11,350 km2. If as an example we 
take a linear function of the level rise of the Mediterranean Sea at a velocity of, for example, 30 
mm/year, then solving the system of equations (1) we get the following charts of levels changes of 
the three seas (Fig. 3a). From the calculations it follows that the levels of the Black and Marmara 
seas repeat the trend of the Mediterranean Sea level rise, but the velocity of rise of the Marmara Sea 
level would be 29.4 mm/year, and the velocity of rise of the Black Sea level would be 28.4 
mm/year. If as the change of the Mediterranean Sea level ( )tf  take the function 
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2cos1103082.19 3 tt π , i.e. to assume that the level of the Aegean Sea rises and 

fluctuates in the scale 2 m, we get graphs of the levels changes of the three seas (Fig. 3b). As can be 
seen from Fig. 3, the levels of the Black and Marmara seas in general repeat the course of the 
Aegean Sea level. 
 



 
Fig. 3. Changes in average levels of the Mediterranean (blue line), Marmara (red line) and Black 

(black line) seas for 100 years (in today's climate), if the level of the Mediterranean Sea: a) rises at 
a velocity of 30 mm/year; b) rises with an average velocity of 30 mm/year and oscillating with an 

amplitude of 1 m. 
 

The proposed mathematical model and the curve obtained earlier for the eustatic changes of 
the Mediterranean Sea level [2; 12] give the possibility to calculate the curve of the Black Sea level 
change in the last 6,000 years (Fig. 4). The calculations are performed under the assumption that the 
freshwater balance of the Black Sea during this period of time remained close to the present. 
 

 
Fig. 4. Changes in average levels of the Mediterranean (blue line), Marmara (red line) and Black 

(black line) seas during the Holocene. 



 
IV. CONCLUSION 

The mathematical model presented in the paper shows that the levels of the Black and 
Marmara seas depend on the level of the Aegean Sea. In terms of the existence of straits with two-
layer flow and a positive freshwater balance of the Black Sea, the levels of the Marmara and Black 
seas repeat the course of the Aegean Sea level, constantly staying tens of centimeters above the level 
of the Aegean Sea. 

The calculated curves of the levels changes of the Black and Marmara seas (Fig. 4) depend 
mainly on the shape of the used eustatic curve of the Mediterranean Sea level change. The curve of 
the eustatic changes of the Mediterranean Sea level was obtained as a result of mathematical 
processing of a large number of data geological studies on the local changes in the level of the 
Mediterranean Sea. However, it should be noted that currently it is not possible to get an accurate 
curve of a sea level in the past. In the construction a curve of the sea level change using the 
radiocarbon method, the age of sediment is determined with an error of up to 300 years. In addition, 
to register the position of the dated shoreline in relation to contemporary edge, the material for 
dating (wood, peat, leaf mollusks, corals) are taken on the ancient border between ocean and land. 
It's hard to do, as the wood with the coastal sediments can be discarded by the waves above the 
water line or, alternatively, buried below it (especially in estuaries). Peat deposits are also not 
accurately fix the position of the basin level. Mollusk of the shell of which can be carried out 
determination of age, can live at different depths, which is not always possible to determine with 
sufficient accuracy, in addition, the waves or currents could move its shell to another vertical 
position. 
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